Maxima and Minima

A main railway runs North-South, passing throughacity B. Afactory C is b km southof B and
a km west of the railway. A side railway is constructed from C to the main railway in order to
transport cargoes from B to C. Suppose the fee of transportation along the side and the main railway
are $p/km/ton and $q/km/ton respectively (p >q). Find the angle between the side railway so that
the transportation fee is minimum.

Give an interpretation in the theory of waves.

If y isgivenasafunctionof x bytheequation 4x*+6xy +9y?—8x—24y +4=0, findthe

maximum and minimum values of vy .

Show how to find and how to discriminate between the maximum and minimum values of a function of a single
variable. A tree trunk, in the form of a frustum of a cone, is h cm long, and the greatest and least diameters

are a and b cm respectively. A beam of square cross-section is cut from the tree; show that

if 2a> 3b, then the beam has a maximum volume when its length is

3(a-h)

What is the length of the beam for maximum volume when 2a<3b?

N
Vx?+a?  Wx?+b?

(b>a) areconstantsand x can bevaried. Find the value of x which gives maximum illumination.

The illumination of an area by a source of light is proportional to ,where a and b

Find the semi-vertical angle of a right conical shell of minimum surface area which, with its rim resting on a
table, can cover a sphere of radius r, and show that its area is (3+ Zﬁ)ﬂrz .
A cylindrical hole is drilled through a hemispherical casing of radius R, the axis of the hole being along the

axis of the hemisphere.  Find the length of the cylindrical wall of the hole when its volume is maximum, and
determine the metal remaining in this case.

Atapering log has a square section whose side varies uniformly from a atoneendto b ( b> B?a ) at the
3

other. Show that the volume of the greatest circular cylinder that can be cut from the log is % , Where
-a

L is the length of the log.
A number of thin sheet-metal cylindrical cans with lids are required. Each canistohold 75 cubic cm, and

- 1 .
the lid is to lap closely over the top of the can by E cm. If the amount of metal to be used is to be a
minimum, find an equation to determine the radius of a can.

Prove that, if f'(a)=0 and f"(a)>0, f(x)hasaminimum valuefor x=a. Findallthe valuesof 6
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between 0 and Ym forwhich cos 90 sec’® isa minimum.

3
Prove that x+X?<tanx forxa(o,gj.

2

0 . . . . .
Prove that (1—?] cosO+0sin® increasesas 6 increasessolongas 6 ispositive and lessthan .

3 3 5
. X x® X
Prove that, if x>0, x—?<tan‘1x<x—?+— .
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X

Prove that e™—1+Xx isnever negative.

X

If fx)= ——

Sketch the graph of  f(x) .

Establish the inequalities:

(iy tanx>x

(i) 1<_L<E in the range O<x<X |
sinx 2 2

(a) Locate the minima and maxima of f:[-2,40) > R, f(x) = 2Jx]* - 9x* + 12|x| + 1

(b)  Show that cos[n—zxjd—xz for 0<x<1.

(@ Show,for t>0, O<p<1, (A+t)P>1+tP,

(b) Showthatfor x,y>0 , O<p<1l, (x+y)?>xP+yP.
(c) Howaboutwhen p>1? p<0?

Find the absolute maximum and minimum of ~ |x|* — 6x* + 11|x| - 6 .

Find the maxima, minima and points of inflection of the following functions :

x3 2%

(©

3
a) X —6x+2 b
@) (b) x*+1 1+x?

Show that the minima and minima of sinmxcscx (meZ) aregivenby tanmx=mtanx;

and deduce that sin?> mx < m?sin® x .

a2 2 2 2

sin“ mx CO0S“ mX l+tan“x l+tan“x
(Observe that ———=m*———=m’ ——=m’ —
sin‘ x CoS“ X 1+tan® mx 1+m*tan® x

and x=0 and f(0)=1, provethat f(x) isan increasing functionof x forall

=m at the minimum or maximum. )

X.
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Show that the greatest value of x™y",where x,y>0 and x+y=k (m,n,k>0) is ( )
m+n

n
Given n real numbers a;,a,,...,a, determinethe valueof x for which the sum Z(x—ak)2 isa
k=1

minimum.  (You must show that this is a minimum, not merely a minimum or a maximum)

Determine the constants A and B so thatthe curve y=Ax"?>+Bx™*? will have an inflectional point
(4,6).

Show that the curve (1 +x?) y=1-x has three points of inflection and that they lie on a straight line.

Let y=f(x) be adifferentiable function satisfying f(a+b =M f0)=0 and f’(0)=1,
y

1-f(a)f(b)’

prove that f(x) isconvexforall x>0.
(@) Let f(x)=+y(x-a)’+b?, f,(x)=+(x-c)’+d* where a>c.

Set f(x) = Max {f1(x), f2(x)}

f,(x) if x<x,

i) Find suchthat f(x)=
M) Find o su 0 {fz(x) if x> X,

(i) Find x; suchthat f(x))<f(x) forall x.

(b) Making use of (@) or otherwise, solve the following problem: Two persons are at points  py, p2
separated by a straight line L onaplace. They went to see each other at some pointon L and
agree that whoever arrives there first should wait for the other.  Assuming that they start at the same time

and walk at the same speed, find the point p on L so that they can meet within the shortest time.

. 1 .1
sin|| n+= |x |—sin=x
K ZJ } 2

23in£x
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(a) Provethatforany x e (0,n), Zcos kx =
k=1

sin kx
k

(b) Forany positive integer n, let S (x)= Z , X € [0, «].
k=1

(i) Provethat if xoe(0,m) and Sy (Xp) =0, then sin[(n +%jxo}—sin%xo =0
and hence deduce that sinnxy=>0.

(if) Itisgiventhat foreach n, Sy(x) attains its absolute minimumon x e [0, x].
If Spe1(X) attains its absolute minimum at some Xo € (0, ), showthat Sm.(Xe) <0.
Hence show thatif Sp(x) >0 forall x e (0,7), then Spi(X) attains its absolute minimum

onlyat x=0 and x=m.



(iii) Prove by induction that for any positive integer n, Sh(x)>0 forall x e (0, n).

27. F(X)=secx—x-1 beafunction defined on [Og) andlet Ae {Ogj suchthat F'(A) =0.

28.

29.

30.

(@) Prove that

i) A= sinlg(\/g —1)}

(i) Fis strictly decreasingon [0, A] and strictly increasing on {kg) .

(i.e.if O<xy<Xp<A,then F(xy)>F(x2) and if A<x;<x;< Vm then F(X1) <F(x2).)

(iii) F attains its absolute minimumat x =X, with F(A) <O0.

b) Let xi,x,,.. bethesequencein 0,E definedby x;=A and
5 y

Xns+1 = S€C Xp— 1 (n=1,2,..)

Prove that X+ < Xn for all positive integers n .
Suppose limx, =p . Prove that
n—w

(i) O<p<h
(i) F(uw)=0 andhence showthat p=0.

The intensity of illumination at any point varies inversely as the square of the distance between the point and the
light source. Two lights, one having intensity eight times that of the other,are 6 m apart. Find a point

between the two lights at which the total illumination is a minimum.

Two ships are sailing uniformly with velocities u, v along straight lines inclined at an angle 6. Show that
if a,b betheir distances at one time from the point of intersection of the course, then the least distance of the
(av—bu)sin6

Vu? +v2 - 2uvcos

ships is equal to

An electric bulb is placed directly above the center of a round table of radius r. How high above the table
should the electric bulb be placed in order that the surface of the table near the edge may be best illuminated?
It is known that the intensity of illumination on an area is inversely proportional to the product of the square of

the distance from the source of light and the secant of the angle of incidence.



